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ABSTRACT 
 

To accurately determine the contact characteristics of tooth pairs, the mesh stiffness must be calculated. The so-called 

individual stiffness is the simplest estimate of the relative stiffness of the basic profile geometries. Standardized and 

analytical methods are used to calculate the individual and mesh stiffness of the gears to achieve the design goals, 

taking into account the load capacity and vibration excited characteristics. These techniques include the Weber and 

Banaschek equations based on mechanical calculations and the ISO 6336-1:2006 formulas based on experimental 

relationships. This study provides recommendations to improve analytical calculations. Our goal is to show how 

variations in applied compression angle, modulus, load, edge thickness and number of teeth affect the maximum 

stiffness of a person. Our MATLAB program generates the profile shape of the gears. Tool geometry and production 

kinematics are used to calculate the tool profile. Abaqus accepts imported geometry. The sensitivity of the models to 

various parameters is investigated and compared with the results of analytical calculations. Two of the most popular 

analytical calculation techniques in Europe, such as the ISO 6336-1:2006 formulas and the Weber and Banaschek 

equations, serve as benchmarks for individual stiffness. Keywords cylindrical gear, spiral teeth, single stiffness, FEM, 

ISO 6336-1:2006, Weber-Banaschek 

 

 

1. Introduction 
         Precision power applications require gears that meet a number of technical requirements for both their load 

capacity and vibration excitation characteristics. To achieve the expected results, it is important to correctly consider 

the mesh stiffness of the gears. The individual stiffness is the main input to the calculations. When designing gear 

motors, the load distribution characteristic in the width of the tooth surface and between the teeth is crucial. The 

stiffness of the web in the specified mounting position is essential for the accurate calculation of bond stresses. It is 

defined by one basic quantity called contact stiffness. A single stiffness parameter expresses the force required to 

deform one or more pairs of inflexible teeth contacting a surface width of 1 mm x 1 mm. A more precise definition of 

single tooth stiffness is needed to assess the degree of vibration excitation. Due to the prevalence of these calculations, 

their importance has increased significantly. cars electric drives. The aim is to predict the likelihood of likely acoustic 

problems before using the velocity models. The two main classes of analysis methods currently available are 

analytical contract analysis and standard approaches that combine basic mathematical operations [1]. The second, 

often based on the deformation calculation published by Weber and Banaschek (WB) [2], uses a much more 

sophisticated mathematical solution to describe the individual stiffness. Using this solution, bond stiffness can be 

determined directly from point to point. Simple strain models are used to determine WB formulas. Lutz's description 

[3] of the modification of the worm gear deformation calculation method refers to the plane stress model. It should be 

emphasized that the determination of a single stiffness is not sufficient for analytical modeling of joint tissue stiffness. 

Several methods can be used to configure the load distribution across a cross section. The computation presented by 

Kagawa [4] and Hayashi [5] and integrated with the WB [2] method by Schmidt [6] is one of the most used 

techniques. In [7, 8], new findings regarding analytical computations are presented. The computation method is 

contrasted in [7] with those used by Fernández et al. [9] and Chen and Shao [10]. Gerber [11] presents the calculation 

of dynamic forces during the connection. These forces and the stiffness of the mesh are influenced by the geometry 

that is being used, the torques and speeds, the lubricating properties, the state of the contacting surfaces, etc. The 

influence of the peeling on the mesh stiffness is dis- cussed in [12, 13]. The effect of the spalling on the friction 

characteristics can be seen in Saxena et al.'s research [14]. The results reveal the influence of spalling location, size 
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and shape. He et al. [15] dealt with the theoretical approx- imation of contact friction and its correlation with mea- 

surement results.  

 

 

 

In [15], the authors gave the correlation analysis applying as a benchmark the Rebbechi et al.'s work [16]. The 

determination of damping of the lubri- cated gear connection can be found in [17]. The impact of additional 

geometric errors on the system is also deserved attention. Zhang et al. [18] looked at the dynamic impact of the 

eccentricity of helical gears and the rotor's imbalance. Results on the impact of eccentricity and profile variations were 

also provided by Wang and Zhang [19]. The use of FE simulations and hybrid techniques that combine analytical and 

FEM solutions, which may be categorised into three main classes, is another option for determining the single 

stiffness. These simulations are dynamic [20–23], quasi-dynamic [24–27], and quasi-static [25–27]. Both two-

dimensional and three-dimensional models can be used, depending on the goal of the tests; for examples, see the 

works [21, 22]. Our study falls under the category of quasi-static calculations because the majority of analytical 

techniques are utilised to approximation this case. Similar study may be found, for instance, in the works of Hwang et 

al. [25] and Zhan et al. [27], who used conventional AGMA 2001-D04 using quasi-static models to investigate the 

association between emerging contact pressure and tooth bending stress. By contrasting the results with the analytical 

solution outlined by Ziegler's approach [29], Wanderer's work [28] uses the finite element method to illustrate the 

interaction effect between the teeth pairs in the contact on the single and mesh stiffness. While these calculations 

should always be done continuously, monitoring the stresses at stiffness calculations is particularly helpful for 

examining the models' proper settings. offer convergent absolute values for appropriate setting-ups. The outcomes of 

maximum single stiffness calculation methods, however, cannot be contrasted in terms of their absolute values. The 

hubs' deformation is the primary cause of the deviation [30–32]. As a result, the results are assessed as the impact of 

changing various geometric parameters on a single stiffness. [33] discusses how hubs affect tooth deflections. The 

gear designing process greatly benefits from the effect analysis of each geometric parameter. This can make choosing 

an appropriate design much easier. The series of studies conducted by Li [26] on the impact of the addendum factor on 

contact pressure, tooth bending stress, and mesh stiffness serve as an excellent illustration of this. This study presents 

the sensitivity of the maximum single stiffness to various parameters. Analytical solutions and the outcomes of finite 

element modelling are also contrasted. Analytical data obtained in accordance with ISO 6336-1:2006 [1] and Weber 

and Banaschek [2] are used as benchmarks in these tests. Finite element models' boundary conditions are established 

using analytical techniques. This study emphasises the value of taking hub geography into account. Our goal is to 

illustrate the correlation of the sensitivity of the parameter at various rim thick- nesses rather than to attempt to match 

analytical conclusions as closely as feasible. In contrast to the ISO calculations and Weber and Banaschek 

calculations, the entire hub geometry is taken into account in this article. So, the study approaches the subject from a 

certain angle. 

2. Profile geometry and load settings 

There are several options for selecting the test version to analyze the effect of the applied geometry. The goal 

is to identify as comprehensive and clear-cut a series of experiments as possible. In consequence, the geometry of the 

meshing gears is always identical in the calculations and the single stiffness of the meshing is always evaluated in the 

pitch point on contact path. This definition means the comparison of the maximum single stiffness because the paired 

gears will show their maximum or from this slightly different stiffness in the applied load position. The analytical 

determination of single stiffness of helical gear pairs can be traced back to spur gear pairs. This approximation 

applies to both the formulas of ISO 6336-1:2006 [1] and the equations of WB method [2]. The current calculations 

are also based on this approach. As a result, the value of the helix angle is always 0°. Perhaps one of the most obvious 

parameters of the contact profiles is the pressure angle. Therefore first, the effect of the pressure angle used will 

be evaluated. The range between 15° and 25° which is the most import- ant in practice has been selected for the 

analysis. In addition to the effect of the choice of pressure angle on the single stiffness, it is also worth examining its 

depen- dence on the normal module. The tests will be carried out on gears with 1 to 5 normal modules. This 

investigation is especially interesting because the method used by the ISO standard ignores the effect of this parameter. 

WB method already takes into account the effect of this factor. The negligibility of the load dependence of single stiff- 

ness, as in the case of the normal module, is also worth examining separately. The ISO standard considers single 

stiffness to be a linear function of the load if the tangential force is less than 100 N/mm, while over 100 N/mm it con- 

siders it independent. In the case of WB method, there is no simplified consideration in the effect of the load [1]. In 
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our investigations we shall analyze the 100 N/mm minimum load range. It should be noted that although the ISO 

standard defines the criterion for the load depen- dence for tangential force, the single stiffness is calcu- lated according 

to the definition using the normal force. However, since the normal load is the function of the pres- sure angle, the 

tendency of the single stiffness change is plotted as a function of the tangential force. The ISO stan- dard defines the 

300 N/mm tangential load as the base case for the formulation of the formulas. Therefore, this load case will be chosen 

also in this work as reference [1]. The next analyzed issue is the effect of the tooth num- ber on the change of single 

stiffness. A range of tooth numbers between 35 and 105 was selected to the calcu- lations. The gear ratio is always 1:1 

in all analyzed cases. The variant used are summarized in Table 1. 

 

 

Table 1 Variants used in the calculations 

 

Pressure angle at normal section α 15…25° 

Helix angle at reference circle β 0° 

Normal module mn 1…5 mm 

Tooth number z1 / z2 35/35…105/105 

Profile shift coefficient x1 / x2 0/0 

Addendum coefficient of the tool 
haP0 * 1.25 

Tip radius factor of the tool 
ρaP0 * 0.2 

Rim thickness coefficient SR 4…13 × mn mm 

Nominal circum. force at pitch circle 
Ft 100…500 N 

 

 

 

It is important to note that in this case it is no longer worth relying on the comparison with analytical methods 

because the chosen boundary conditions radically influence the results. The main reason for this is a strong modifying 

effect of the selected hubs. Even if you change the normal module, it is obvious that the gears are simply enlarged on a 

scale, but such a clear procedure cannot be used when the tooth number varies. The theoretical considerations for the 

effect of the used hub geometry are discussed in more detail in Section 3. Here only specific regulations for the analysis 

of the impact of the tooth number are presented. The first option for the calculations is to record the rim thickness 

independently of the tooth number which results in an increasingly thinner rim in relation of the gear hub by 

increasing the tooth number. As a result of this setup, we can predict the significant dependence of the single stiffness 

on the tooth number, as proved by the calcula- tions performed. The effect of the tooth number used on single 

stiffness should be examined by maintaining the proportions of the hubs. This series of calculations no longer 

comprises the extreme change of the hubs, thus a more comprehensive comparison is possible. The SRX model case of 

the rim thickness is defined as: 

            9mz 35.                                   (1) 

This connection indicates the notation of dimension [x m] in the abscissa on the diagrams. This approach results 

the direct dependence of the rim thickness on the normal module for gears with 35 teeth and it allows to be retained 

the proportion of the deformable rim thickness as a function of the tooth number. 

 

 

3. Hub settings 

The problem of comparability of the absolute values of each process has already been mentioned which is caused by the 

calculation of the deformation of the hubs. Neither the ISO nor the WB calculations consider the exact geometry of the 
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hub. Furthermore, the deformation of the hub in the calcu- lation of the single stiffness is interpreted only as a function 

of the profile geometry. The only exception is the "blank factor" of the ISO standard. Therefore, the absolute value of 

FE results can only be compared with knowledge of the geometry of a given hub. As a result, it is worthwhile carry- ing 

out the comparison on the tendency change of the abso- lute value. The aim is to show the difference in the forecast of 

the expected single stiffness by using the analytical cal- culations or the FE method at different rim thicknesses. Even 

though the deformation of the hubs is taken into account only in a simplified form, the analytical methods represent 

the relative deformation of the individual teeth well, as they accurately reflect the relative distortion of the teeth and 

the segment of the gear bodies that is in con- tact with the teeth. Therefore, if the deflection of the hubs is properly 

considered when determining the spatial posi- tion of the teeth, analytical methods provide a suitable tool for 

determining the change of connection character- istics in the contact zone. The extra possibilities of the calculations of 

the defor- mation provided by the finite element method are of importance in the vibration analysis of the system since 

it is necessary to represent the specific stiffness of the mesh. During the tests performed in Section 3, the change of 

sin- gle stiffness of a cylindrical gear is exhibited considering the deformation of the hubs for different rim 

thicknesses. Since the hub itself can be divided into a set of elements whose deformation is determined by the stress at 

their contact interfaces, it is worth modelling the gears as ele- ments with different rim thicknesses. Thus, if the approx- 

imation of deformable elements as a series of springs cou- pled is accepted, the stiffness change of the gear pairs can 

be expressed as the change in the stiffness of the modi- fied range of the gears. In the examinations it is useful to 

consider the relatively small area of the rim for analyzing the single stiffness of the variations of profile geometries 

since the modifications made will have an effect in this range. This case corresponds to the model SR4 which means 

that rim thickness has been chosen as the quadruple of the normal module. A further reduction of the rim thick- ness 

may influence on the tooth root stress and on the defor- mation of the teeth. In the model SR4, there is still a safety factor 

to the borderline case. The maximum thickness of rims has been taken into account during the analyses and it was 

determined as the model SR13. This position covers shaft diameter capable of conveying the 300 N tangential force 

with an adequate safety factor for the 35 teeth gears. 

 

4. Results and discussion 

 

       The   performed   impact   assessments   are   summarized in Section 4. The geometries used by FEM are produced with 

a self-made program. The MATLAB program defines the profile geometry with the modelling of machine kinematics on 

the base of Litvin's work [34]. Our program allows a direct control of the precision of geometry to avoid singularities. 

The generated geometry is then converted         to Abaqus. The precision of FE mesh quality and of the applied 

geometry is particularly important for the pre- cise approximation of the deformation at the contact point. The mesh is 

generated with quadratic quadrilateral ele- ments and the required size of elements to the good con- vergent results is 

always controlled based on the size of the analyzed gears. The average mesh size of the contacted teeth is 0.4 % of the 

whole depth. The remaining areas of gears are meshed with a varied element size depending on the effect on the results. 

For the simulations is used the reduced integration method. The interaction between the gears is defined as a Hertzian 

contact. It means that a 0 fric- tion coefficient is applied. The contact formulation is finite sliding. The boundary 

conditions of finite element models are set based on the analytical methods used for the com- parison [1, 2]. The 

material of gears is always steel. 

The deformation results are evaluated by continuously monitoring the obtained stress values. Single stiffness is 

determined by the load-induced rotation angle of driv- ing gear. For a better overview of the calculation results, Tables 

1 to 6 summarizing the variants in the given evalu- ations are also provided. Fig. 1 shows the general form of the model 

thus obtained. 

The notations applied on Figs. 2 to 13 are below: 

• Δc' – single stiffness change in % 

• FE – finite element method 

• ISO – method of ISO 6336-1:2006 [1] 
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Table 2 Variants for the calculation of the effect of pressure angle 

 

Pressure angle at normal section α 15; 20; 25° 

Normal module mn 1 mm 

Tooth number z1 / z2 35/35 

Rim thickness coefficient SR 4; 9; 13 × mn mm 

Nominal circum. force at pitch circle Ft 300 N 

Table 3 Variants for the calculation of the effect of module 

 

Pressure angle at normal section α 15; 17; 20; 23; 25° 

Normal module mn 1; 3; 5 mm 

Tooth number z1 / z2 35/35 

Rim thickness coefficient SR 4; 9; 13 × mn mm 

Nominal circum. force at pitch circle 
Ft 300 N 

 

Table 4 Variants for the calculation of the effect of load 

 

Pressure angle at normal section α 15; 20; 25° 

Normal module mn 1; 3; 5 mm 

Tooth number z1 / z2 35/35 

Rim thickness coefficient SR 4; 9; 13 × mn mm 

Nominal circum. force at pitch circle Ft 100; 300; 500 N 

Table 5 Variants for the calculation of the effect of rim thickness 

 

Pressure angle at normal section α 15; 20; 25° 

Normal module mn 1; 5 mm 

Tooth number z1 / z2 35/35 

Rim thickness coefficient SR 4…13 × mn mm 

Nominal circum. force at pitch circle Ft 300 N 

 

Table 6 Variants for the calculation of the effect of tooth number 

 

Pressure angle at normal section α 15; 20; 25° 

Normal module mn 1; 5 mm 
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Tooth number z1 / z2 
35/35; 70/70; 

105/105 

Rim thickness coefficient SR 4; 9; 13 × mn mm 

Nominal circum. force at pitch circle                                                                                                                                     
Ft  

300 N 
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    Fig. 1 Finite element model of meshing pair            Fig. 2 Single stiffness changes as a function pressure angle for    

                                           different  rim thicknesses 

 

• WB – method of Weber and Banaschek 

• SRX – rim thickness by Eq. (1) 

• zX – number of teeth = X [ - ] 

• mX – normal module = X [mm] 

• FtXN – X [N] tangential load 

• Δ FE SRX - ISO – different between FE with SRX rim thickness and method of ISO 6336-1:2006 [1] 

                                              

                    Fig. 3 Single stiffness changes versus pressure angle for Different  tooth number 

 

                                            Fig. 4 Typical single stiffness changes as a function of module 

 

 

 

 



|  

 

383 
 

                Fig. 5 Correlation of single stiffness changes by FEM according to ISO and WB methods for different normal  

 

 

• Δ FE SRX - WB – different between FE with 

SRX rim thickness and WB method 

• Δ zX-Y – different between the models with X and Y 

tooth number. 

 

 

           

  
             

      Fig. 6 Typical single stiffness changes as function of               

                   load  

 

 

           
Fig. 8 Single stiffness changes as a function of 

normal module at different loads 

 

 

 

 

 

 

 

 

Fig. 7 Single stiffness changes as a function of pressure   

           angle  at different loads  

 

 

          

      Fig. 9 Typical single stiffness change as a function of   

               trim thickness 
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   Fig. 10 Single stiffness changes as a function of rim thickness at different pressure angles and modules 

 

 

                                              
 

                        Fig. 11 Single stiffness changes as a function of tooth number at a constant rim thickness 

  

 The change of the single stiffness as a function of the pressure angle 

The calculation results of the gear pairs with 35 teeth are shown in Fig. 2. The deviation of the single stiffness 

values in the investigated pressure angle range compared to the model SR9 is within the 3.3 % range. This means 

a differ- ence in stiffness variation of less than 10.6 % between the extremes obtained. 

 

      

Fig. 12 Single stiffness changes as a function of rim        

             thickness for different tooth numbers  

 

 

 Fig. 13 Single stiffness changes associated 

with the increase of tooth number 
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We remark that the slopes of the two extreme cases are very close to the relevant analytical solutions. The mod- els SR13 

show a difference of 1.5 % from the ISO results for the selected 20° pressure angle model and, in the extreme cases, show a 

difference of 2.3 %. The models SR4 are much closer to the results of the WB method. There is a maximum difference of 1.6 

% in the 20° profile and 3.0 % in the extreme. In addition to the variants with 35 teeth, it is also worth- while to examine the 

pressure angle dependence of the variants with larger tooth numbers. The results in Fig. 3 show the single stiffness changes if 

the rim thickness of the models corresponds to the normal module multiplied by 9. This means that the gears have a 

narrowing rim thickness with increasing tooth number in relation to the full gear body. Fig. 3 shows that the finite element 

results do not exceed the predicted sensitivity by WB even in the model of the 105 tooth number. If the rim thickness of the 

gears is increased, the curves would be shifted toward the ISO results according to Fig. 2. As a result, we can conclude that 

the WB calculations typically overestimate the sensitivity of the single stiffness for the pressure angle change. The method 

described by ISO produces a constant slope in the examined range, which reflects the tendencies of the FE models with large 

rim thickness.  

Single stiffness changes as a function of module 

  

Fig. 4 shows a typical change of the single stiffness obtained for normal module at different rim thicknesses. To determine 

this, besides the models SR9, the analysis of the models SR4 and SR13 is required. The differences in the profile angles are 

summarized in Fig. 5. It is observed that the finite element method shows a decrease in single stiffness by increasing the nor- 

mal module. In contrast, ISO solutions are insensitive to this parameter. As a result, the finite element method shows −6.8–

0 % difference in the examined cases com- pared to the ISO. The WB method typically overestimates the gradient of the 

stiffness change. This means a maxi- mum deviation of +5.6 % for the current models. It can be observed that the solutions 

provided by the finite element method are always located between the two analytical methods. As expected, the significance of 

the change in normal module to total deformation decreases with increasing rim thickness. Thus, ISO provides a rel- atively 

accurate trend for gears with large rim thickness. 

  

Single stiffness changes as a function of load 

      The change in the value of single stiffness for the load dependence is illustrated in Fig. 6 for models SR9. Fig. 7 shows the 

dependence of the single stiffness change on the pressure angle at different loads. The results show less than 1.0 % difference in 

the stiffness change based on a 20° pro- file angle. This gives less than 1.8 % deviation between the extreme situations 

investigated. Fig. 8 represents the dependence on the normal module. The difference in the single stiffness change is less than 

0.4 % in these cases. On the base of the calculations performed, it can be stated that the effect of the change in load on the 

variants investigated is very small for both the chosen pressure angle and the chosen normal module. As a result, the sin- gle 

stiffness change as a function of the applied pressure angle and the normal module can be independent of the magnitude of the 

load at the variants analyzed. Of course, this does not match the condition of the load indepen- dence of the absolute values 

considered. With respect to the analyzed models SR9, the single stiffness change as a function of load is observed between 

−5.0 and 2.5 % com- pared to the obtained values at 300 N tangential load. 

 

Single stiffness changes as a function of rim thickness The previous results indicate that the choice of the magni- tude of rim 

thickness has a significant effect on the single stiffness. Fig. 9 depicts a typical single stiffness change as a function of rim 

thickness. The model SR9 served as a benchmark for the evaluation. The stiffness change shown in Fig. 9 is not 

independent of the profile geometry used. Fig. 10 illustrates the pressure angle and module dependence on the effect 

of rim thick- ness. The results show a single stiffness change between +27 and −40 % relative to models SR9. It is 

noticeable that the variants with smaller normal modules and larger pressure angles have the most sensitive response 

to change of the rim thickness. The difference in stiffness change in the extreme cases is in the 6.5% range for 

models SR4 and in the 5.0 % range for models SR13. 

  

Single stiffness changes as a function of rim thickness The importance of hub geometry was already discussed in Section 2. 

Fig. 11 shows the trend of the single stiff- ness change of the gear pairs at the same rim thickness. The selected thickness 

corresponds to the normal mod- ule multiplied by 9. The results show an increase in the single stiffness between 22.4 and 

25.0 % in the range of variants with 35 and 70 teeth and an increase between 7.4 and 8.3 % in the range of variants with 70 

and 105 teeth. This means a change from 29.8 to 33.3 % across the range. According to the conclusions in Section 2, the effect 

of the tooth number used on single stiffness should be exam- ined by using variants with the same proportion of the hubs. 

Fig. 12 summarizes the results of the single stiffness change of gear pairs at different tooth numbers versus the rim thickness. 

Fig. 12 shows a more intensive convergence of the obtained tendencies with increasing tooth number. Fig. 13 illustrates the 

single stiffness change associated with increasing the tooth number. It can be seen that the use of greater rim thickness cases 
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results in a growing difference and that the difference is significantly greater for smaller tooth numbers. Accordingly, the 

change between the variants with 35 and 70 tooth numbers is % in the range SR4-9 and 17.1 % in the range SR9-13. 

However, the models with 70 and 105 tooth numbers show only 0.5 % difference in the range SR4-9 and 3.7 % in the range 

SR9-13. In the latter case, a slight decrease can be seen in single stiffness at the models SR4. However, the magnitude of the 

difference is comparable to the expected accuracy of the calculations. 

 

5 Conclusions 

By comparing the ISO standard and the WB calculation for the investigated geometric variants, the investigations of the 

pressure angle, module, and load dependence on the single stiffness reveal parameter sensitivity. The value of the utilized rim 

thickness has the biggest impact on the correlation rate between the individual solutions. The experiments have demonstrated 

that, under the considered conditions, the development of the single stiffness as a function of pressure angle and the normal 

module can be independent of the load magnitude. The importance of the gear body's size has been highlighted by the 

confirmation of the primary impact of rim thickness. The impact of hub size has also been brought to light through research on 

how tooth number affects single stiffness. The experiments correctly illustrate how a single stiffness depends on various 

parameters. The findings show a relationship between the comparability constraints and the sensitivity of each approach to 

changes in the examined parameters. 
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